Study of instantaneous dependence among several variable is important in many of the high-dimensional sciences. Multivariate GARCH models are as a standard approach for modelling time-varying covariance matrix such phenomena. Cholesky GARCH is one of these approaches where the time-varying covariance matrix can be written parsimoniously, containing variance components through a diagonal matrix and dependency components through a unit lower triangular matrix with regression coefficients as entries. In this paper, we proposed a stochastic structure for dependency components in Cholesky GARCH model by considering linear regression model as a state-space model and using kalman filtering for estimating regression coefficients. We find that the MSE of stochastic Cholesky GARCH model is smaller than the MSE of other models also show that the stochastic Cholesky GARCH has better performance in compare to another models based on MAE and MSE criterions for the real data.
Introduction
Accurate estimation of the covariance matrices, as well as the time-varying covariance matrices, is important in many of the high-dimensional sciences to study relationship between variables and gain time-varying correlation matrices. In these sciences, require the modeling and forecasting of time-varying covariance matrices Σ t based on the independently N (0, Σ t )-distributed data Y t , t = 1, 2, ..., n, where Y t is the p-dimensional variable at time t of a multivariate time series. There are two important challenges in modelling covariance matrices. The first problem is the curse of dimensionality, in a p-dimensional time series, the time-varying covariance matrix y t consists of p(p+1) 2 different time-varying elements. The second problem is maintaining the positive-definite constraint. The time-varying covariance matrix Σ t must be positive definiteness for all t. Special attention is needed to maintain the constraint when N is large. Dynamic dependence Σ t is the subject of multivariate volatility modeling. A variety of multivariate extensions of the univariate generalized autoregressive conditional heteroscedastic (GARCH) models (Bollerslev, 1986 [2] ) has been developed in the finance literature. VEC and BEKK models are the first class of multivariate GARCH models which arised as a direct generalization of the univariate GARCH models. At these models, number of parameters increase rapidly with dimensionality and parameter estimation is heavy computationally. In some other existing methods impose strong assumptions on the conditional correlation matrices. For instance, Bollerslev (1990) [3] assumes constant conditional correlation for the GARCH model (CCC-GARCH), which may not be satisfied in real data. Engle (2002) [5] and Tse and Tsui (2002) [10] assume the dynamic conditional correlation for the GARCH model (DCC-GARCH), which is computationally expensive in high-dimensional cases. To overcome the difficulty of curse of dimensionality, several methods have been proposed in the literature for multivariate volatility modeling. In particular, the idea of orthogonal transformation has attracted much attention. For instance, Alexander (2001) proposed Orthogonal-GARCH (O-GARCH) where she has been used principal component analysis (PCA) in multivariate volatility modelling. Also Van derWeide (2002) extracts the concept of ICA to present a class of generalized orthogonal GARCH (Go-GARCH) models for volatility modelling. Matteson and Tsay (2011) propose a dynamic orthogonal component (DOC) method to multivariate volatility modelling where the components are uncorrelated. The modified Cholesky decomposition (MCD) of a covariance matrix is another the orthogonal transformation approach. The use of MCD to model multivariate volatility, guarantees positive definiteness volatility matrices. In addition, it provides a parameterization of the covariance matrix with unconstrained and statistically interpretable parameters (pourahmadi 1999 [9] ). Using the MCD, the covariance matrix can be decomposed parsimoniously, with variance components through a diagonal matrix and dependency components through a unit lower triangular matrix with [8] considered multivariate volatility matrix and proposed Cholesky GARCH (C-GARCH) and Cholesky Log-GARCh (CL-GARCH). They assumed elements of the lower triangular matrix of Cholesky decomposition to be constant over time. Therefore they considered a constant dependence structure and time-varying nature of the diagonal matrices. In this paper, we propose a time-varying dependence structure for MCD. Thus for the estimation of corresponding linear regression, we consider some state space model and estimate its parameters by using kalman filter. This method updates information on regression coefficients by implying informations as arrive. In result of, the regression coefficients are updated through the time. So, we make a time-varying covariance matrix base on MCD idea by a time-varying dependence structure and a time-varying variance structure as GARCH models. This article is organized as follows: we review the MCD approach to model a covariance matrix in section 2. Section 3 explains time-varying Cholesky factor based on state-space models. In section 4 is about Flexible cholesky GARCH model and addressing estimation and order issue. Section 5 explains simulation study and demonstrates its result. Application are illustrated in section 6.
Modified Cholesky Decomposition
This section reviews the role of the modified cholesky decomposition in reparametrizing a covariance matrix in term of unconstrained regression coefficients which guarantees the positive definiteness of the estimated covariance matrix. let Y = (Y 1 , .., Y p ) is a p-dimensional vector of mean zero random variables with the covariance matrix Σ. This decomposition arise from regressing each variable Y j on its predecessors Y j−1 , ..., Y 1 , for j = 2, ..., p is defined as
where φ j1 , ...φ j(j−1) are regression coefficients and j denotes the linear least-squares prediction error with variance σ j = var( j ) and
.., p ) be the vector of successive uncorrelated prediction errors with diagonal covariance matrix
where T is a unite lower triangular matrix with the negative of the regression coefficients φ jk as it's entries:
Then, the MCD of Σ follow from
Or equivalently
Thus, the MCD of a covariance matrix provides a parameterisation of the covariance matrix with unconstrained parameters, and converts the difficult task of modelling a covariance matrix to that of modelling te sequence regression in 2.1.
where φ kt 's are regression coefficients and jt are independent Gaussian with mean zero and variance σ 2 jt . Now, we assume that the parameters in 3.1 are time dependent, where the parameters are allowed to evolve through time according to multivariate Gaussian random walk. So the equation 3.1 can be written as
where φ jt = (φ j1t , . . . , φ j(j−1)t ) and
The state-space representation 3.2 is written as
where A j is a (j − 1) × (j − 1) identity matrix and a jt = (a j1t , ..., a j(j−1)t ) are white noises at time t, with covariance matrix Q. The first equation is an observation equation and the second equation the state equation, which describes the evolution of the state vector.
To solve the recursive equation in 3.3 by Bayesian method, it is necessary to have inferences about the initial values of the state vector φ jt and its distribution. The probability distribution of state vector at time zero is denoted by p(φ j0 ). The state equation 3.3 with such initial distributions determines the distribution of the state vectors p(φ jt |φ j(t−1) ), t = 1, . . . , n and j = 2, . . . , p − 1. We refer to these distributions as prior distributions of state vector at time t. To specify the likelihood model of measurements as p(y jt |φ jt ), after observing a new measurement y jt , the prior distributions to are updated, such update is denoted by φ jt expressed by p(φ jt |y jt ), called posterior distribution. By the assumption that the errors jt and a jt , are normality distributed we conclude that as
where Q is covariance matrix of the multivariate random walk noises. Now, given the distribution p(φ j(t−1) |Y j(1:t−1) ) = N (φ j(t−1) |φ j(t−1) , P j(t−1) ) the joint distribution of φ jt and φ j(t−1) when we have the information of Y j(1:t−1) can be expressed as
As p(φ jt |φ j(t−1) ) and p(φ j(t−1) |Y j(1:t−1) ) are Gaussian, the result of marginalization is Gaussian
where
A + Q By using this as the prior distribution for the measurement p(y jt |φ jt ) we gain posterior distribution as
where the Gaussian parameters can be obtained by completing the quadratic form in the exponent, which gives
This recursive computational algorithm for estimating parameters is a special case of the Kalman filter algorithm. Now, we can write matrix form in 2.2 as
where T t is a time-varying matrix T t with the negative of the regression coefficients φ jkt that obtained in 3.6 as it's entries
So, for each time t, we will have MCD covariance matrix as
Stochastic Cholesky GARCH
From the matrix form of 3.7 we have
where D t = diag(σ 2 1t , ..., σ 2 pt ). In this paper, for each time -varying innovation variance σ 2 jt , j = 1, ..., p, we model σ 2 jt by a GARCH(p,q) model defined recursively in time as,
In the following, we pay to estimation parameters of time-varying covariance matrix Σ t and issue of ordering the stocks a portfolio which is a important object in our method.
Estimation
Estimation of time-varying covariance matrix Σ t on based Cholesky GARCH, are performed in two steps. At first, we should estimate time-varying cholesky factor T t as explained in section 2 and then, using φ jkt 's, vector prediction errors (innovation) be obtain as
In the second step, to estimate time-varying diagonal matrix D t , we need to estimate parameters in GARCH model 4.10. For that, assuming normality for the returns, log-likelihood function, with ignoring an irrelevant constant is given by
Where σ jt is a GARCH model as defined at 4.10 and θ is vector of parameters in a cholesky GARCH. If we focus on the case of a model of order (1,1), vector of parameters θ is as θ = (w, α 1 , β 1 ). To obtain vector parameters θ, the log-likelihood function can be maximized by standard numerical procedures. So now, we can estimate time-varying diagonal matrixD t for each time t. Finally, be estimated time-varying matrix Σ t for each time t as followinĝ
Ordering the stocks in a portfolio is a drowback in GARCH models based on idea MCD which is discussed next.
Ordering
Ordering variables is a great challenge in statistical desicion problem and a long-standing problem on statistics. For a portfolio of p stocks, there are p! choices. Basford and Tukey (1999) propose a method for ordering variables based on a scatterplot matrix nice in the sense that one brings the more correlated variables closer to the main diagonal, challed "greedy close algorithm". On the basis "greedy close algorithm", Bickel and levina (2008) 
Simulation
In this section we conduct two simulation experiments to investigate the consistency estimators and evaluate the performance of the different methods for estimating time-varying correlation matrix.
Simulation 1
In this simulation we investigate the consistency parameters φ jt and parameters in GARCH model. Four sample lengths n=100, 500, 1000 and 2000 observations have been used in experiment, and there are 1000 replications for each sample size. For each time point, we have one estimate for parameter φ jt , so for shorthand, we just present ten of φ jt for each sample size. Table 1 shows bias values and estimate of parameters φ jt for ten time point. It can be seen that Bias is generally small and decrease as the sample size increases. 
Simulation 2
In this simulation, we consider p = 3. So, we generate y t from bivariate normal distribution with mean zero and covariance matrix as
where the covariance term σ 21t , σ 31t and σ 32t varies across time for t = 1, ..., n. This allowed us to control the dynamic relationship between the two time courses y 1t , y 2t and y 3t throughout the time series. we suppose that connectivity of between brain regions is in the form of sine. The value of σ 21t , σ 31t and σ 32t were set as σ 21t = sin(t/δ), δ = and σ 32t = sin(t/δ), δ = 1024 2 4 , respectively. Simulation study was repeated 1000 times, and the MSE of five models represented in Table  2 . As it is seen, in Table 2 , value of MSE SCGARCH model is smaller MSE other models. This shows that the SCGARCH model has a better performance than other models in this simulation. Figure1 shows the results of fitting DCC, CGARCH, CLGARCH, SCGARCH and SCLGARCH models in one of the iterations.
Application
In order to examine and evaluate the ability of the proposed model to estimate the instantaneous relationship between variables, we survey two sets of data from two different scientific fields about neuroscience and finance. The first data set related to functional magnetic resonance imaging (fMRI) from brain regions. One of the main studies areas in fMRI is describing the functional connectivity (FC) (2014)). Second data set related to a stock portfolio in finance. Many tasks of financial management, such as stock portfolio selection, option pricing and risk assessment, require the modelling and forecasting of time-varying correlation matrices. This stock portfolio consists of several stocks that we would like to get their instant connection by using multivariate time series and compare the results together. To measure the accuracy of a covariance matrix estimateΣ t , we consider as a benchmark the moving blocks approach (i.e., Σ t =Σ t ) and calculate the mean absolute error and mean squared error given by:
respectively. For the comparison of different methods we rely on the averages of the above measures over t. A notable challenge in computing any such measure of accuracy is that the true covariance matrix Σ t is unknown. We resolve this challenge by employing a moving block technique to get a reliable proxy for it Lopes et al. (2012) . Selection of the block size q was based on MAE and MSE criteria with the moving blocks estimator serving asΣ t and Σ t being the observed covariance matrix. More specifically, the average loss functions M AE = n t=1 M AE t /n and M SE = n t=1 M SE t /n were calculated for several values of q. Let q 1 , ..., q k , ..., q p be the ordered series of q-values. The value q k that stabilizes the absolute difference |ˆ (q k ) −ˆ (q k−1 ) | for two loss functions under consideration, whereˆ denote MAE and MSE, was selected as the optimal q. According to this procedure, we chose q = 35, q = 65 in first data set and second data set, respectively.
fMRI data experiment based on default mode network (DMN) regions
In this study, we used fMRI data on brain images of a global competition called ADHD-200, which was held in 2011, whose pre-processed collection was compiled in a resource called ADHD-200 Preprocessed and placed at www.nitrc.org address. These brain images are about resting-state, from these images, we selected an image randomly. As mentioned, these data are pre-processed, so we don't need to do pre-processing stage of data. Time series plots of brain regions from default mode network is showed in figure 2 . Table 3 summarizes the results of comparing the performance of three methods for experimental data. This table shows that our proposed model outperforms other models in terms of two measures of accuracy. Figure 3 and Figure 4 show the result of the estimate dynamic FC based on our proposed model, DCC-GARCH model, Cholesky GARCH and true dynamic correlation that obtained based on moving block approach among regions. 
Monthly stock return of 12 US bluechips
To compare the performance of the proposed model with other models, we consider compound monthly log-returns from a panel of 12 US bluechips .These 12 US bluechips includes compa- figure 5 . Table 4 summarizes the results of comparing the performance of three methods for 12 US bluechips data from January 1990 to December 2010. 
